We investigate the ground state properties of normal and superfluid phases of a mixture of Fermi atoms at zero temperature in a quasi-one-dimensional harmonic trap. Assuming pairing occurs in the Hartree-Fock single-particle states ͑obtained using atomic orbitals approach͒ we calculate the spectrum of elementary excitations of the system. We find that for strong enough attraction between different kinds of fermions the state consisting of Cooper pairs becomes energetically favorable. For even stronger attraction a discontinuity located at the Fermi surface appears in the spectrum of elementary excitations. At the same time the chemical potential changes its sign and the system goes from the gas of Cooper pairs to the condensed phase of molecular dimers realizing the BCS to Bose-Einstein condensate crossover in one-dimensional space.
I. INTRODUCTION
Recently, several experimental groups have observed the crossover from the Bardeen-Cooper-Schrieffer ͑BCS͒ superfluid state to the Bose-Einstein condensate ͑BEC͒ of molecular dimers in systems of ultracold fermionic gases of 40 K and 6 Li atoms ͓1͔. Such systems provide a unique opportunity to study the many-body physics in strongly interacting Fermi gases. Several aspects of the behavior of ultracold fermionic gases near a Feshbach resonance have been already investigated, among them an anisotropic expansion ͓2͔, collective oscillations ͓3͔, fermionic pairing ͓4͔, and vortex lattices ͓5͔.
Experiments have also shown that a finite fraction of condensed pairs of fermionic atoms was present on both sides of the Feshbach resonance, in particular on the side where there exist no stable molecules in vacuum ͓6͔. This observation triggered theoretical studies on the condensate fraction on the BCS, BEC sides as well as at unitarity point ͑on resonance͒. Mean-field BCS equations ͓7͔ and quantum Monte Carlo calculations ͓8͔ were used to get the number of fermionic pairs in a condensate at zero temperature showing a reasonable agreement between these approaches. The agreement holds as well for other properties of the system like density profiles ͓9͔ and collective oscillations ͓10͔ proving that the mean-field description in terms of fermionic variables only works well on a qualitative level. However, to understand quantitatively the behavior of the Fermi mixture near a Feshbach resonance one has to go beyond the meanfield description ͑see Ref.
͓11͔͒.
The reduced dimensionality modifies the properties of degenerate gases in different, sometimes counterintuitive, ways ͓12͔. For example, in one dimension the interactions dominate in the low density limit ͓13͔. Some work has been already done for fermionic gases in lower dimensions regarding the density profiles, collective modes, stability, as well as the BCS-BEC crossover ͓14-16͔. This paper is an attempt ͑other than the ones considered in Refs. ͓14͔ and ͓15͔ and based on one-dimensional analytical solutions known in the thermodynamic limit͒ to BCS-BEC crossover in a mixture of two kinds of fermionic atoms trapped in a harmonic potential in a one-dimensional space.
The paper is organized as follows. In Sec. II we first derive the equations which govern the two-component mixture of fermionic atoms at zero temperature and next look for the ground state of the mixture assuming the BCS-like correlations occur in the system. Section III discusses the elementary excitations of a mixture of Fermi atoms in a quasi-onedimensional harmonic trap and BCS-BEC crossover phenomenon whereas in Sec. IV the off-diagonal long range order of the system is analyzed. Finally, we conclude in Sec. V.
II. DESCRIPTION OF THE SYSTEM
The system we investigate is described by the many-body wave function ⌿͑x 1 , ... ,x N 1 ; y 1 , ... ,y N 2 ͒ that depends on coordinates of N 1 + N 2 fermionic atoms. The particular realization of such a system could be a mixture of atoms in two hyperfine states, in two different isotopes, or even a mixture of various atomic species. The following ansatz, involving the single-particle atomic orbitals i ͑͒ ͑ =1,2; i =1, ... ,N ͒, for the many-body wave function is considered:
The Slater determinant wave functions appearing in Eq. ͑1͒ assure that the wave function of the mixture is antisymmetric with respect to the interchange of any two identical particles.
The only interactions taken into account are the contact interactions between different kinds of fermions. By minimizing the total energy of the system with respect to the atomic orbitals and under constraint of normalization of each orbital one obtains the following set of equations:
where the trapping potentials are, in general, different and the interaction between distinguishable fermions is taken in the form of contact potential V int = g␦͑x − y͒ with the constant g determining the interaction strength. The total energy of the mixture ͑the Hartree-Fock energy͒ is just the sum of single-particle energies ͑1͒ and ͑2͒ reduced by the amount of energy corresponding to the interaction between atoms.
We introduce now the correlations in the ground state according to the BCS wave function ͓17͔
where an operator f n annihilates a fermionic atom in the single-particle state ͉n͘ related to the component distinguished by an index ͑here = ͕↑ , ↓͖͒. The normalization of the BCS wave function requires that for all factors in Eq. ͑3͒ u n 2 + v n 2 = 1. The single-particle states ͉n͘ ͑n =1,2,... counts the sets of one-particle quantum numbers͒ are assumed to be the Hartree-Fock orbitals discussed above. In practice, however, a finite number of Hartree-Fock states is used to build the BCS ground state ͑3͒. The Hamiltonian is given by
and the mean value of this Hamiltonian in the BCS state ͑3͒ is calculated as
with the matrix elements defined below:
Now, to get the BCS ground state the mean value ͗H͘ BCS has to be minimized with respect to the amplitudes u and v under the constraint that the average number of atoms ͑equal to 2͚ n v n 2 ͒ is constant. This can be done numerically ͑see Ref. ͓18͔͒, however, we would like first to follow the standard textbook treatment of this problem ͓19͔. To this end, we employ the Lagrange multiplier technique and look for the unconditional minimum of
† f n↑ and N ↓ = ͚ n f n↓ † f n↓ are the particle number operators for particular components and ↑ , ↓ are appropriate Lagrange multipliers. Analyzing the necessary condition for the minimum one obtains the following set of equations ͑n =1,2,...͒:
where n = ͑e n↑ + e n↓ ͒ / 2− / 2−␦ n and
The parameter equals ↑ + ↓ . In the absence of interactions would be the sum of Fermi energies of both components and the quantity n would measure the sum of single particle energies with respect to this energy. Under the presence of the interactions the relative energy is modified and ␦ n equals the value of the energy shift calculated within the HartreeFock approximation.
Since u n 2 + v n 2 = 1, based on Eq. ͑7͒, the expressions for the coefficients u and v can be written in the form
where E n = ͱ n 2 + ⌬ n 2 . Inserting Eq. ͑9͒ into the definitions ͑8͒ of the gap energy ⌬ n and the energy shift ␦ n one obtains, together with the number equation, the closed set of coupled nonlinear equations for these quantities and the chemical potential . However, to solve the model we follow the numerical prescription described in Ref. ͓18͔.
III. ELEMENTARY EXCITATIONS
Now, we are looking for the elementary excitations of a mixture of two kinds of fermionic atoms. The elementary excitations ͑quasiparticles͒ operators are given by ͓20,21͔
and the ground state ͑3͒ is a vacuum for these operators. The quasiparticle is excited by acting the ␥ n↑ † ͑or ␥ n↓ † ͒ operator on the quasiparticle vacuum ͑i.e., the BCS ground state ͉⌿ BCS ͒͘, which gives ␥ n↑ † ͉⌿ BCS ͘ = f n↑ † ͉⌿ BCS ͑n͒ ͘, where ͉⌿ BCS ͑n͒ ͘ means the wave function defined by Eq. ͑3͒ with a particular factor corresponding to the quantum number n skipped. An amount of the excitation is calculated as a difference ͓20͔.
where the operator
To find Eq. ͑11͒ it is convenient to rewrite the Hamiltonian and the number operators in terms of quasiparticles' operators and make use of the relation 2⌬ n u n v n + n ͑u n 2 − v n 2 ͒ = E n derived from formula ͑9͒. The result is the following expression:
Similarly, for a second kind of quasiparticles one has
When the external potentials experienced by both kinds of atoms are the same ͑i.e., e n↑ = e n↓ and V nk,nk = V kn,kn for each n and k͒, the above expressions ͑12͒ and ͑13͒ are reduced simply to E n . In Figs. 1 and 2 we plot the spectrum of elementary excitations of a one-dimensional mixture of 40 K atoms for various strengths of attraction between different kinds of fermions. Here, the ratio of trap frequencies for both components equals 1.2. To obtain the spectrum of elementary excitations we solve the set of Eqs. ͑7͒ together with the condition ͚ n v n 2 = N ͑=N ↑ = N ↓ ͒ and find the amplitudes u and v and the chemical potential ͓18͔. Next, we use formulas ͑12͒ and ͑13͒. Only quasiparticles whose energies are given by Eq. ͑12͒ are shown in Figs. 1 and 2 where we consider the ͑3 +3͒-atom mixture ͓in the investigated range of parameters the spectrum of quasiparticles given by Eq. ͑13͒ actually closely follows that obtained from Eq. ͑12͔͒.
It is clear from Figs. 1 and 2 that there exist two characteristic values of the strength of attraction between different fermions. The first one ͑Fig. 1͒ occurs at about g = −2.5 oscillatory units ͑បa ho , where a ho = ͱ ប / m K is the harmonic oscillator length with m K and being the mass of the 40 K atom and the lower trap frequency, respectively͒ and is described by the appearance of the energy gap in the spectrum of elementary excitations. When the attraction is strong enough ͉͑g͉ Ͼ 2.5 in our case͒ it is energetically favorable to form Cooper pairs in the system, the ground state energy calculated from Eq. ͑5͒ is lower than the Hartree-Fock energy ͑simultaneously the amplitudes u and v take other values than 0 or 1͒. Similar critical value of the coupling strength was reported in Ref. ͓22͔ in the case of a spherically symmetric harmonic trap in the regime of weak interactions and the number of atoms corresponding to completely filled shells. The case of "open shells" discussed in ͓22͔, and showing no critical value of g, is not present in a onedimensional version ͑hence without a degeneracy͒ of the model considered in this paper.
The second characteristic value turns out for the interaction strength g Ϸ −7 oscillator units and is visible as the discontinuity in the elementary spectrum located at the Fermi surface ͑Fig. 2͒. Approximately, at the same value of g the chemical potential changes its sign from positive to negative ͑see Fig. 3͒ . Going from positive to negative values of the chemical potential is the realization of BCS-BEC crossover from BCS-like pairs to bosonic dimers in one-dimensional space ͑it corresponds to the "left crossover" discussed in Ref.
͓15͔͒.
According to the procedure just described we have calculated the elementary excitations for mixtures built of up to ͑40+ 40͒ atoms. The minimal quasiparticle energy as a func- tion of the interaction strength is presented in Fig. 4 . Each curve begins at a different value of the coupling strength showing clearly that the first characteristic coupling strength moves slowly toward larger values when the number of atoms increases. In each case the minimal energy increases with the strength of attraction. In a quasi-one-dimensional geometry the interaction strength is related to the scattering length a 3D in the following way ͓23͔:
where a Ќ = ͱ 2ប / m K Ќ ͑ Ќ is a radial frequency͒ and C = 1.4603. It is clear from Eq. ͑14͒ that g 1D remains finite at a Feshbach resonance, i.e., when a 3D = Ϯϱ and its value in this limit ͑so-called unitarity limit͒ equals −2Cប Ќ a Ќ and, when expressed in oscillatory units based on the axial frequency, depends only on the aspect ratio of the quasi-onedimensional trap. Dashed vertical lines in Fig. 4 show values of the interaction strengths in the unitarity limit for two particular geometries, ␤ = 23.5 and 80, where ␤ = Ќ / z . On the other hand, since in a quasi-one-dimensional geometry transverse degrees of freedom are frozen ͑i.e., only the lowest transverse mode is occupied͒ the Fermi energy of the system has to be much lower than ប Ќ . The above condition can be rewritten as N ␤. In Fig. 5 we plot the minimal quasiparticle energy in the unitarity limit as a function of the number of atoms for the two values of the aspect ratio marked already in Fig. 4 . For both these cases it is clear that the energy gap in the unitarity limit is of the order of the Fermi energy.
IV. OFF-DIAGONAL LONG RANGE ORDER
Finally, we investigate the off-diagonal long range order of a two-component Fermi mixture. To this end, we consider the two-particle density matrix 2 ͑x 1 , y 1 ; x 1 Ј, y 1 Ј͒ defined as
͑15͒
For the BCS wave function ͑3͒ it is calculated as
According to ͓24͔ the BCS state assures the off-diagonal long range order of a uniform system, i.e., when primed coordinates reach infinite distance from the unprimed coordinates the two-particle density matrix 2 ͑x 1 , y 1 ;
genvalue N 0 of the two-particle density matrix gives the number of Fermi pairs in the condensate and it can be shown that N 0 = ͚ n u n 2 v n 2 . For a nonuniform system we consider, however, that we have to diagonalize the density matrix 2 numerically. In Fig. 6 ͑left upper frame͒ we plot the number of condensed Fermi pairs as a function of the strength of attraction between different fermions. The existence of the first characteristic value of the coupling constant g is clear whereas the second characteristic value is marked by the maximum of the curve in Fig. 6 ͑in fact, the maximum occurs for slightly larger attraction between fermions͒. The right upper frame shows the difference between the largest and the next to it eigenvalues of the density matrix 2 and the lower panel presents the whole spectrum of 2 for the inter- . ͑Color online͒ The maximal eigenvalue ͑left upper frame͒ and the difference between the maximal and the successive eigenvalues ͑right upper frame͒ of the two-particle density matrix defined by Eq. ͑15͒ as a function of strength of attraction between fermions. The lower panel shows the whole spectrum of the twoparticle density matrix for the system of ͑10+ 10͒ atoms and the interaction strengths g =−2 ͑no pairs occur in the system, left frame͒ and g =−15 ͑condensed fraction is developed-the maximal eigenvalue, marked by a star, separates from the others, right frame͒.
action strengths before and after the first characteristic value for a particular system of ͑10+ 10͒ atoms. When there is no pairs in the system ͑left lower frame͒ one of the amplitudes u n and v n equals zero for each n and the density matrix 2 is reduced to 2 = ͚ n,mՅN nm ‫ء‬ ͑x 1 ,y 1 ͒ nm ͑x 1 Ј,y 1 Ј͒,
͑17͒
where nm ͑x , y͒ = n ͑1͒ ͑x͒ m ͑2͒ ͑y͒. Equation ͑17͒ is just the spectral decomposition of the two-particle density matrix 2 showing that in this case the density matrix 2 possesses N 2 eigenvalues each equal to one. The situation changes for stronger attraction. The right lower frame shows that the single maximal eigenvalue, separated from the other eigenvalues, appears in the spectrum. This behavior proves the existence of a condensed fraction ͑of Cooper pairs or molecular dimers͒ in the system.
V. CONCLUSIONS
In conclusion, we have considered a simple model of fermionic mixture in the normal and superfluid phases at zero temperature. We find the spectrum of elementary excitations assuming that the ground state wave function of the mixture takes the form of BCS ansatz and "equal-energy" HartreeFock orbitals are occupied in pairs. This spectrum shows that there exist two characteristic values of the interatomic interaction strength. The first one is related to the appearance of Cooper pairs in the system ͑visible also when the offdiagonal long range order of the mixture is analyzed͒ whereas the second coincides with the crossover region from the BCS phase of weakly bound Cooper pairs to the BEC phase of strongly bound molecular dimers.
